We study in depth the equivalence between subshrubs and chaotic bands in the Mandelbrot set. In order to do so, we introduce the rules for chaotic bands and the rules for subshrubs, as well as the transformation rules that allow us to interchange them. From all the denominations of a chaotic band, we show the canonical form; that is, the one associated to the hyperbolic component that generates such a chaotic band. Starting from the study of the one-dimensional route, we fulfil an inductive study that gives a generalization of the shrub concept.
Introduction
The Mandelbrot set [5, 6] can be considered an archetype of what we call chaos. This set has already been widely studied by other authors [1, 3, 4, 8, 17] always mathematicians since it is a mathematical object.
In this paper we try to study in depth the knowledge of the Mandelbrot set structure that was already treated by us in former papers [11] [12] [13] 19] . Although we are operating with a mathematical object, this paper has not been thought for mathematicians but for experimental scientists interested in the structure of the Mandelbrot set. Therefore, we do not use any demonstration nor theorem but the typical tools of experimental scientists. In this case, we use the measure of periods of hyperbolic components, and preperiods and periods of Misiurewicz points carried out in a large number of numerical experiments on this mathematical object. The outcomes of this paper are valid whereas no new "measure" shows the contrary, as admitted by experimental scientists.
We have used the Mandelbrot set profusely, more specifically its antenna, in order to see the one-dimensional (1D) quadratic maps [14] . Indeed, the intersection of the Mandelbrot set and the real axis is the real Mandelbrot set, described by the 1D quadratic map x n+1 = x 2 n + c. Since all the 1D quadratic maps are equivalent [9] , the 1D quadratic map x n = x 2 Subshrubs/chaotic bands equivalence in Mandelbrot set simply use the Mandelbrot set antenna (which has two dimensions) in order to see the real Mandelbrot set, or other real sets described by a 1D quadratic map (which have one dimension; i.e., they are segments).
In the already cited papers [11] [12] [13] 19] , we have in some way followed the inverse process. We take advantage of the knowledge that we have got on the 1D quadratic maps structure [15] in order to study, starting from this knowledge, the Mandelbrot set structure. That is to say, in the same way that we use the Mandelbrot set in two dimensions in order to see the map x n = x 2 n+1 + c in one dimension, we also use all we know about the structure of the map x n = x 2 n+1 + c in one dimension, in order to study the Mandelbrot set structure, with two dimensions. We will see all this in Section 2, the structure of a 1D quadratic map in Section 2.1 and the structure of the Mandelbrot set in Section 2.2.
We had already studied the equivalence between shrubs and chaotic bands in the Mandelbrot set [11] [12] [13] 19] . But taking into account the importance of the topic, this paper will focus on it and will study it in depth in Section 3. In order to do so, the equivalence will be shown more clearly and evidently, and, in addition, the rules to go from subshrubs to chaotic bands and vice versa will be introduced.
Structures
Let us begin by seeing the structure of a 1D quadratic map (as x n+1 = x 2 n + c when the parameter value goes from c = 1/4 to c = −2 that describes the real Mandelbrot set) and next the structure of the Mandelbrot set.
Structure of a 1D quadratic map.
Let us remember the structure of a 1D quadratic map. Sharkovsky's ordering [21, 22] is the first important attempt to structure the chaos described by 1D quadratic maps. Sharkovsky's theorem [21, 22] gives a clear ordering of hyperbolic components, but only of hyperbolic components that appear the first time. For the case of x n+1 = x 2 n + c, this theorem states that the first appearance of the hyperbolic components is in the following universal ordering when the parameter value goes from c = 1/4 to c = −2:
where the symbol ≺ must be read as "precedes." Although this is only an ordering of the first appearance hyperbolic components (i.e., also an ordering of the natural numbers) it strongly contributes to the structure of 1D quadratic maps. Indeed, 1 ≺ 2 ≺ 4 ≺ 8··· are the ordered periods of the well-known period-doubling cascade, ··· 2 k · 9 ≺ 2 k · 7 ≺ 2 k · 5 ≺ 2 k · 3 are the periods of the first appearance hyperbolic components of the period-2 k chaotic band B k , ··· 2 · 9 ≺ 2 · 7 ≺ 2 · 5 ≺ 2 · 3 are the periods of the first appearance hyperbolic components of the period-2 1 chaotic band B 1 , and ··· 9 ≺ 7 ≺ 5 ≺ 3 are the periods of the first appearance hyperbolic components of the period-2 0 chaotic band B 0 .
We have introduced the "harmonic structure" of a 1D quadratic map [15] . In this harmonic structure one has on the one hand the period-doubling cascade, which is the H (4) (G 0 )
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Myrberg-Feigenbaum point Periodic region Chaotic region periodic region, and on the other hand the chaotic bands, which constitute the chaotic region, both separated by the Myrberg-Feigenbaum point [15] . As can be seen in [15] , starting from the symbolic sequence [7, 16, 20, 23] of the nth hyperbolic component of the period-doubling cascade, the gene G n whose period is 2 n , one can calculate the symbolic sequences of the last appearance hyperbolic components of the chaotic band B n . These last appearance hyperbolic components, that we call structural components, constitute the true structure of a 1D quadratic map since, as we saw in our paper about heredity [18] , starting from them one can calculate all the others. Figure 2 .1 clearly shows the periodic and chaotic regions separated by the MyrbergFeigenbaum point. Likewise it shows the correspondence between each hyperbolic component of the period-doubling cascade G i (i = 0,1,2,...) and the chaotic band B i (i = 0,1,2,...). Calculations, that in [15] were done for symbolic sequences, in [10] have been done for external arguments. As can be seen in Figure 2 .1, the Myrberg-Feigenbaum point can be considered as a "diabolic mirror" that makes to correspond the main cardioid G 0 , which is the last hyperbolic component on the right and has period 1, with B 0 , which is the last chaotic band on the left and has period 1; the first disc of the period doubling cascade G 1 , which is the penultimate hyperbolic component on the right and has period 2, with B 1 , which is the penultimate chaotic band on the left and has period 2; and so on. Diabolic mirror is that which transforms what is periodic in chaotic and vice versa.
If starting from the beginning of the periodic region, the cusp or the origin of the main cardioid in c = 0.25, one wants to go up to the end of the chaotic region, the tip in c = −2, one only has a possible route because the 1D quadratic map is a segment. This only route has two parts: from c = 0.25 to the MF point, which is the periodic route, and from the MF point to c = −2, which is the chaotic route. Taking into account the above cited correspondence, when the periodic route is covered, one is determining how the chaotic route will be.
Structure of the Mandelbrot set.
We use the structure of the 1D quadratic map x n+1 = x 2 n + c for −2 ≤ c ≤ 1/4, that has just been seen, in order to study the structure of the Mandelbrot set. Obviously, the structure of the Mandelbrot set is much more complex; however, both are similar in many aspects. Thus, now there are again a periodic 4 Subshrubs/chaotic bands equivalence in Mandelbrot set region and a chaotic region. Nevertheless, even though in 1D quadratic maps there is only one point to separate both regions, now there are an infinity; that is, there are an infinity of Myrberg-Feigenbaum points.
Until now, to identify a primary hyperbolic component, which are those directly attached to the main cardioid, we used the rotation number q 1 / p 1 [2, 19] , where p 1 indicates the hyperbolic component period and q 1 indicates the appearance order among the hyperbolic components with the same period. The rotation number of the main cardioid is 1/1, 1 in the denominator because the period is 1, and 1 in the numerator because it is the first hyperbolic component-and the only one-with period 1. One can think of the main cardioid as the only 0-ary hyperbolic component, and therefore it would be q 0 / p 0 , where q 0 / p 0 = 1/1. Then the primary hyperbolic components will be now
.., and the N-ary hyperbolic components
Starting from the main cardioid 1/1, one can reach the chaos through an infinite number of periodic routes. To specify one definite periodic route, one has to specify the N-ary hyperbolic component through which the chaos is reached [13] . Indeed, as is known from [13] , the periodic route has two parts: the generation route and the Myrberg-Feigenbaum route. The generation route is the route to reach the N-ary hyperbolic component 1/1 · q 1 / p 1 ··· q N / p N starting from the main cardioid 1/1. This generation route consists of N hyperbolic components:
The Myrberg-Feigenbaum route begins in the N-ary hyperbolic component and follows the hyperbolic components of its period doubling cascade up to the Myrberg-Feigenbaum point, which is the gate to reach chaos. Therefore, this Myrberg-Feigenbaum route consists of an infinity of hyperbolic components: 
, which is the gate to chaos. Let us see that, since any route necessarily finishes in 1/2, it is not necessary to make 1/2 explicit, therefore it can be written or not. Thus, one can indistinctly put MF
, and so on for other cases.
As can clearly be seen in Figure 2 .2, on the one hand we call periodic route through 
If a Myrberg-Feigenbaum point is crossed, the chaotic region is reached. Shrubs [11] [12] [13] 19] [11] , that is to say shrub 0 1 1
is constituted by N subshrubs [11] [12] [13] 19] . Hence,
where, for convenience,
As has just been seen, the periodic route is constituted by hyperbolic components, and it has two parts: the generation route, which has N hyperbolic components, and the Myrberg-Feigenbaum route, which has an infinity of hyperbolic components. Likewise, the chaotic route is described by the shrubs that also have two parts: the shrub 0 , with an infinity of chaotic bands or subshrubs, and the shrub r , with N subshrubs. We observe that, in the same way that in the one-dimensional case, now the periodic route and the chaotic route are related. Indeed, the infinite number of hyperbolic components of the Myrberg-Feigenbaum route are the gene from which the last appearance hyperbolic components-or structural components-of the infinite chaotic bands of the shrub 0 (1/1 · q 1 / p 1 ··· q N / p N ) [12] can be calculated. As can clearly be seen in Figure 2 .2, 6 Subshrubs/chaotic bands equivalence in Mandelbrot set Figure 2 .2. Sketch of the periodic route (constituted by the generation route and the MF route) followed by the corresponding chaotic route described by shrubs (constituted by the shrub 0 and the shrub r ). The correspondence between elements of the periodic and chaotic routes are shown. 
If each one of the two parts of the periodic route is the "diabolic image" of the corresponding part of the shrub (gr ↔ shrub r and MFr ↔ shrub 0 ) also the whole of the periodic route will be the "diabolic image" of the total of the chaotic route (pr ↔ shrub). Therefore, when the periodic route is crossed, one is determining how the chaotic route will be.
Next we will focus on the object of this paper: the equivalence between subshrubs and chaotic bands. Since we have seen that they are equivalent, we have to establish the conditions under which the equivalence is given, and the rules under which subshrubs change to chaotic bands and vice versa. In order to do so, we are going to study some periodic routes and their corresponding chaotic routes or shrubs. As we normally do, we first analyze the one-dimensional case and then we extend it to the two-dimensional case.
One-dimensional route
In the one-dimensional case, the periodic route to reach the chaos starting from 1/1 is 1/1 · 1/2. When the Myrberg-Feigenbaum point is crossed, the chaotic route is reached.
Next we are going to analyze in some detail both routes.
The upper part of Figure 3 .1 shows a sketch of the structural hyperbolic components and the notable points of these routes, showing them in a two-dimensional way to be able to see them. The periodic route consists of the main cardioid, 1/1, and of the hyperbolic components corresponding to its period doubling cascade up to the MyrbergFeigenbaum point, where the chaotic route begins.
The lower part of Figure 3 .1 is a table whose columns show the denomination of the chaotic bands depending on whether they come from the main cardioid 1/1, from the first disc of the period doubling cascade 1/1 · 1/2, from the second disc
due to space problems), as is explained as follows.
As is well known, the 2 0 -period chaotic band includes from the antenna tip, tip(1/1), that is the Misiurewicz point M 2,1 [9, 14, 15] placed on c = −2, to the band merging point m 1 = M 3,1 placed on c = −1.547 .... This band is called B 0 (1/1), where the sub index, 0, refers to the period of the chaotic band, 2 0 . We also adopted this notation because, in the one-dimensional case, the structural components of this chaotic band are the harmonics of the mentioned 1 = 2 0 -periodic main cardioid 1/1, or G 0 [15] . But sometimes, as will be seen next in the two-dimensional case, this notation is not a one-to-one notation because there are other chaotic bands with this same notation. In order to avoid this 8 Subshrubs/chaotic bands equivalence in Mandelbrot set 
.., that finish in the MF point, are placed [11-13, 15, 19] . The first row represents shrub 0 (1/1,1/1 · 1/2), and also shrub(
The 2 1 -periodic chaotic band extends from m 1 = M 3,1 to m 2 = M 5,2 [14] . This chaotic band is generated by the first disc of the period doubling cascade (which is the primary hyperbolic component 1/1 · 1/2 of period 2 = 2 1 ) because in the one-dimensional case the structural components of this band are the harmonics of 1/1 · 1/2 [15] . In its simplified form the band is B 0 (1/1 · 1/2); but, according to what we said before, its complete form including the periodic route is B 0 (1/1 · 1/2,1/1 · 1/2). On its right the chaotic bands
.. up to the MF point are placed. These chaotic bands constitute the shrub 0 (1/1 · 1/2,1/1 · 1/2). On the left of B 0 (1/1 · 1/2,1/1 · 1/2) the shrub r (1/1 · 1/2,1/1 · 1/2) is placed, which consists of only a subshrub, the S 1 (1/1 · 1/2,1/1 · 1/2). All this can be seen in the second row of the table of [14] . This chaotic band, B 0 (1/1 · 1/2 · 1/2,1/1 · 1/2), is generated by the secondary hyperbolic component 1/1 · 1/2 · 1/2 because in the one-dimensional case the structural components of such a G. Pastor et al. 9 band are the harmonics of 1/1 · 1/2 · 1/2. On its right the chaotic bands
.. up to the MF point are placed. These chaotic bands constitute the shrub 0 ( 
Since the generator is a secondary hyperbolic component, its shrub remainder has two subshrubs that are placed on the left, Likewise, the 2 3 -periodic chaotic band extends from m 3 = M 9,4 to m 4 = M 17,8 [14] . This chaotic band, B 0 (1/1 · 1/2 · 1/2 · 1/2,1/1 · 1/2), is generated by the tertiary hyper-
Since the generator is a tertiary hyperbolic component, its shrub remainder has three subshrubs that are placed on the left,
, that should be placed in the fourth row of the table of Figure 3 .1 but they are not included due to space problems.
By generalizing, the 2 i -periodic chaotic band extends from
.. up to the MF point are placed. These chaotic bands constitute the shrub 0 (1/1(·1/2) i ,1/1 · 1/2). Since the generator is an i-ary hyperbolic component, its shrub remainder has i subshrubs that are placed on the left,
, as can be seen in the (i+1)-ary row of the table of Figure 3 .1, although incompletely due to the figure size. In the lower part of Figure 3 .1 we have given some data that will have a great utility. For example, one can see that a specific chaotic band can be named in many ways: all of the corresponding column. Since each column, that represents an only chaotic band, has both chaotic band names and subshrub names, the following statement can be given: subshrubs and chaotic bands have the same nature.
Let hc be the generic name of a hyperbolic component. As has been seen, we have called B i (hc, route) the chaotic bands because it is needed to add the route to completely define the chaotic bands in the 2D case. The subshrubs can be called S i (hc), because they are well defined without the route. However, although not necessary, we can call them S i (hc, route) if uniformity is wanted.
Among all the ways we can call a chaotic band, one of them, that we call canonical form, is B 0 . This canonical form is the more important because the hyperbolic component associated to B 0 is the generator of the chaotic band; that is, in the one-dimensional case that we are dealing with, the harmonics of such a generator are the structural components of the chaotic band [15] . The canonical form of a chaotic band is then B 0 (generator, route). Therefore, when one is in the chaotic form one is relating the generator, which is a hyperbolic component of the periodic region, with the corresponding chaotic band, which is the chaotic band generated by such a generator. Hence, it is of great importance to calculate these canonical forms in order to know the relation between a chaotic band and the hyperbolic component of the periodic region that has generated such a chaotic band.
Let us see, in the case we are dealing with, how to find the canonical form of a chaotic band starting from a noncanonical form. In a first case, let us suppose that the noncanonical form is given as a subshrub. For example, let us suppose that one has S 2 (1/1 · 1/2 · 1/2,1/1 · 1/2). As can be seen in the first column,
. Therefore, a subshrub with a specific index i and a specific hc is the same as the subshrub with index i − 1 and with an hc which has lost the last fraction. As can be seen in Figure 3 .1, when subshrubs indexes decrease,
, and therefore in this case the generator is the first disc of the period doubling cascade, 1/1 · 1/2.
Let us consider now the second case: the noncanonical form is given as a chaotic band. For example, let us consider B 2 (1/1 · 1/2,1/1 · 1/2). This chaotic band should be shown in Figure 3 .1 in a fourth column, but it has already been said that it is not included due to figure size problems. Let us go to Table 3.1 that we will further explain. As can be seen in the fourth column,
. Therefore, the chaotic band with index i and a specific hyperbolic component hc equals the chaotic band with index i − 1 and an hc which has increased one fraction, that is taken from the route. When the index is zero the canonical form is reached. In this case the generator is the third disc of the period doubling cascade
We insist on something important that we said before: subshrubs and chaotic bands have the same nature. Therefore, if we carry out the appropriate transformations, we can work only with chaotic bands or only with subshrubs. To do so, we are going to introduce the following transformation rule:
By applying this transformation rule to the table on the lower part of Figure 3 .1, Let us focus on Table 3 .1. As we said before, all the notations of the same column are different names of the same chaotic band. Therefore, one can change from a name to another by following the following chaotic bands rule: one has to add (or remove) so many fractions as the number of units lost (or winned) by the index. That is to say, when the index increases the number of fractions decreases, and when the index decreases the number of fractions increases.
Let us notice now Table 3 .2. Here all the notations of the same column are different names of the same subshrub. Hence, one can go from a name to another by following the following subshrubs rule: one has to add (or remove) so many fractions as the number of units winned (or lost) by the index. That is to say, now when the index increases the G. Pastor et al. 11 
number of fractions also increases, and when the index decreases the number of fractions decreases.
If both Tables 3.1 and 3 .2 are considered as matrices, the main diagonal is the canonical form of the different chaotic bands. Indeed, for example in Table 3 .1, the main diagonal is
.., what means that the successive generators of the chaotic bands are 1/1, 1/1 · 1/2, 1/1 · 1/2 · 1/2, 1/1 · 1/2 · 1/2 · 1/2,..., that just are the hyperbolic components of the periodic route that corresponds to the period doubling cascade.
Primary route
A route with periodic route generated by a primary hyperbolic component 1/1 · q 1 / p 1 , for example by the primary hyperbolic component of the Mandelbrot set 1/1 · 1/3, is called a primary route. In order to analyze this route, we will follow a similar process as the one followed in the periodic route 1/1 · 1/2 and its corresponding chaotic route seen before.
The periodic route starts from the main cardioid, 1/1, and is followed by the primary hyperbolic component 1/1 · 1/3 and its period doubling cascade up to the MyrbergFeigenbaum point. Therefore, the periodic route is 1/1 · 1/3 · 1/2. Next, the chaotic route, described by means of shrubs, is reached.
The upper part of 
The second row of the table of Figure 4 .1 shows the shrub of the first disc of the period doubling cascade, which is the secondary hyperbolic component [11] [12] [13] 19] . The first and second columns show the two subshrubs of the shrub remainder, and the third and following columns show the successive chaotic bands of shrub 0 . Likewise, the third row of the table of Figure 4 .1 shows the shrub(1/1 · 1/3 · 1/2 · 1/2,1/1 · 1/3 · 1/2), which is the shrub of the second disc of the period doubling cascade, the tertiary hyperbolic component 1/1 · 1/3 · 1/2 · 1/2. The first, second, and third columns show the three subshrubs of the shrub remainder, and the fourth and following columns show the successive chaotic bands of the shrub 0 [11] [12] [13] 19] . Finally, the ith row of the table of Figure 4 .1 shows the shrub of the i-ary hyperbolic component 1/1 · 1/3(·1/2) i−1 [11] [12] [13] 19 ], which in the first i columns has the 14 Subshrubs/chaotic bands equivalence in Mandelbrot set shrub(g,pr)
shrub 0 (g,pr) shrub r (g,pr)
. . .
. . . i subshrubs of the shrub remainder, and next the successive chaotic bands of the shrub 0 . The table is not as explicit as desirable due to the size of the figure.
Let us note the great analogy between the first row of Figure 4 .1 and the second row of Figure 3 .1. In Figure 3 .1, as can be seen in the first column, the canonical form of S 1 (1/1 · 1/2,1/1 · 1/2) is B 0 (1/1,1/1 · 1/2). If one wants to see now the canonical form of S 1 (1/1 · 1/3,1/1 · 1/3 · 1/2) of Figure 4 .1, one cannot see it because it is not explicit in the figure. However, given the parallelism between both cases, one can find it by means of the shrub rule that says that to decrease the index one unit the last fraction has to be removed. According to that rule,
. That is to say, the canonical forms of both S 1 (1/1 · 1/2,1/1 · 1/2) and S 1 (1/1 · 1/3,1/1 · 1/3 · 1/2) have the same generator, which is the main cardioid 1/1. However, both have different routes: in the first case the route is 1/1 · 1/2 and in the second case 1/1 · 1/3 · 1/2. That is why we have made explicit the route in order to differentiate between both cases, as it was already noted at the beginning of Section 3.
When Table 4 .1 is considered a matrix, again the main diagonal is the canonical form of the corresponding chaotic bands, therefore the successive chaotic band generators
.., that are, again, the hyperbolic components of the periodic route followed now.
Secondary and tertiary routes
Let us begin by the secondary route. We call secondary route to a route whose generator is a secondary hyperbolic component 1/1 · q 1 / p 1 · q 2 / p 2 , like 1/1 · 1/3 · 1/4 that we will treat now. The periodic route starts from the main cardioid, 1/1, and follows through the primary hyperbolic component 1/1 · 1/3 (both constitute the generation route). Next, one crosses the secondary hyperbolic component 1/1 · 1/3 · 1/4 and the hyperbolic components of its period doubling cascade up to the Myrberg-Feigenbaum point (that constitute the Myrberg-Feigenbaum route). Then one reaches the chaotic route described by means of shrubs.
.., are given [11] [12] [13] 19] in the following columns.
The second row of the table of Figure 5 .1 shows the shrub of the first disc of the period doubling cascade, which is the tertiary hyperbolic component [11] [12] [13] 19] . The three shrubs of the shrub remainder are shown in the first three columns, and the infinity of chaotic bands of the shrub 0 in the fourth and following columns. Likewise, the third row of the table of Figure 5 .1 shows the four subshrubs (first, second, third, and fourth columns) and the infinite chaotic bands (fifth and following columns) of the shrub of the quaternary hyperbolic component 1/1 · 1/3 · 1/4 · 1/2 · 1/2 [11] [12] [13] 19] . Finally, the (i − 1)th row of the table of Figure 5 .1 shows the shrub of the i-ary hyperbolic component 1/1 · 1/3 · 1/4(·1/2) i−2 [11] [12] [13] 19] which in the first i columns should show, if the figure had space enough, the i subshrubs, and next the infinite chaotic bands of shrub 0 .
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.., that is, the hyperbolic components of the Myrberg-Feigenbaum route. However, the two generators of the two subshrubs of the shrub shrub r (1/1 · 1/3 · 1/4,1/1 · 1/3 · 1/4 · 1/2) cannot be seen right away because the canonical form is not made explicit in the first two columns of the table. To solve this problem, two new rows are calculated by applying the subshrubs rule and the chaotic bands rule, that will be the first two rows of the new Table 5 .1. In this table,
,pr;
,pr.
The transformation rule is applied in order to have all the data in chaotic bands form. If Table 5 .1 is considered a matrix, again the main cardioid is the canonical form of the corresponding chaotic bands, and the successive generators of the chaotic bands are
.., that are the hyperbolic components of the periodic route. 1/1 and 1/1 · 1/3 constitute the generation route and are the generators of the two subshrubs of the shrub remainder, and 18 Subshrubs/chaotic bands equivalence in Mandelbrot set 
.. constitute the MyrbergFeigenbaum route and are the generators of the infinity of chaotic bands of shrub 0 .
Let us see next a tertiary route. We call tertiary route to a route whose generator is a tertiary hyperbolic component 1 5,pr) ,... [11] [12] [13] 19] . The second row of the table of Figure 5 .2 shows the shrub of the first disc of the period doubling cascade (which is the quaternary hyper- [11] [12] [13] 19] . The first four columns show the four subshrubs of the shrub remainder, and the fifth and following columns show the chaotic bands of shrub 0 . Likewise, the third row of the table of Figure 5 .2 shows the five subshrubs (first, second, third, fourth, and fifth columns) and the infinity of chaotic bands (sixth and following columns) of the shrub of the 5-ary hyperbolic component [11] [12] [13] 19] . Finally, the (i − 2)th row of Table 6 .1 shows the shrub of the i-ary hyperbolic component [11] [12] [13] 19] . The first i columns show the i subshrubs of the shrub remainder, and the following columns the chaotic bands of shrub 0 (again, the figure is not complete due to space problems).
The generators of each one of the chaotic bands of shrub 0 (1/1 · 1/3 · 1/4 · 1/5,pr) are 
. . . calculated, which will be the first three rows of the new Table 5 .2. In this table,
,pr. Table 5 .2 is the canonical form; therefore, the successive generators of the chaotic bands are 1/1,
.., that again are the hyperbolic components of the periodic route. 
N-ary route
Since all the routes analyzed have a similar behaviour, the general case can be given. The route whose generator is the N-ary hyperbolic component 1/ Figure 6 .1(a)) and the second part is 1
.., that constitutes the Myrberg-Feigenbaum route (see Figure 6 .1(b)). After the Myrberg-Feigenbaum route, the chaotic route (described by the shrubs) is reached.
On the left of the Myrberg-Feigenbaum point, the upper part of Figure 6 .1(b) shows the general sketch of shrub ( Figure 6 .1(b) shows shrub ( q N / p N ,pr) ,... [11] [12] [13] 19] .
The second row of the table of Figure 6 .1(b) shows the shrub(1/1 · q 1 / p 1 ··· q N / p N · 1/2,pr) [11] [12] [13] 19] , which is the shrub of the first disc of the period doubling cascade, the (N+1)-ary hyperbolic component 1 
.., that are the hyperbolic components of the Myrberg-Feigenbaum route. To obtain the generators of the N subshrubs of shrub r (1/1 · q 1 / p 1 ··· q N / p N ,pr), the new N rows are calculated as always, and they will be the first N rows of the new Table 6 .1. In this table,
The transformation S i = B −i is again applied in order to have all the expressions as chaotic bands. The main diagonal of Table 6 .1 is the canonical form, therefore the generators of 22 Subshrubs/chaotic bands equivalence in Mandelbrot set 
.., that are again the hyperbolic components of the periodic route. We already saw that the generators of the chaotic bands of shrub 0 are the hyperbolic components of the MyrbergFeigenbaum route:
... But in addition, the generators of the N subshrubs of shrub r are the N hyperbolic components of the generation route:
Therefore, the general case of an N-ary route has a similar behaviour to the one dimensional case with only one route. Hence, what was seen in the one-dimensional case, that has been used in our inductive process until the N-ary case, can be generalized. Thus, we can say now in general that subshrubs have the same nature as chaotic bands. Since they have the same nature, they are equivalent, and we can state that the transformation rule between subshrubs and chaotic bands, (3.1): S i (hc,pr) = B −i (hc,pr), has a general character. From this equation, it is evident that S 0 (hc,pr) = B 0 (hc,pr), which is the canonical form to call a chaotic band or a subshrub among all the possible ways. In the canonical form hc = generator; that is to say, the hyperbolic component of the canonical form is the generator of the corresponding chaotic band.
Likewise, we have in general the rule for chaotic bands, that shows the different ways to call the same chaotic band, and can be expressed as that is to say, if the index increases one unit, then the hyperbolic component decreases one factor (it becomes the preceding hyperbolic component of the periodic route), and if the index decreases one unit, then the hyperbolic component increases one factor (it becomes the following hyperbolic component of the periodic route).
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The same general character can be considered in the case of the rule for subshrubs, that shows the different ways to call the same subshrub: that is to say, if the index increases one unit, then the hyperbolic component also increases one factor (it becomes the following hyperbolic component of the periodic route), and if the index decreases one unit, then the hyperbolic component also decreases one factor (it becomes the preceding hyperbolic component of the periodic route).
In accordance with what has just been seen, the generalization of the shrub can be given. As is known, shrubs have two parts: shrub 0 and shrub r . shrub 0 (1/ As can be seen, both the shrub 0 of (6.4) and the shrub r of (6.5) have been expressed in the two possible ways, as chaotic bands and as shrubs. Therefore, the general way of expressing a shrub as chaotic bands is Equations (6.6) and (6.7) are the more compact way of expressing a shrub. Nevertheless, if negative indexes are not wanted, the habitual form must be given where both subshrubs and chaotic bands are present: 
Conclusions
This paper clearly shows the equivalence between the two zones of the chaotic region of the Mandelbrot set that always had been thought as different: chaotic bands of shrub 0 and subshrubs of shrub remainder. This equivalence makes unnecessary the shrub division in shrub 0 and shrub remainder, although sometimes we deal with these two parts for convenience. By basing on the one-dimensional case study that has been already accomplished by us in previous papers, we carry out an analysis of the periodic and chaotic routes whose generators are primary, secondary, ... hyperbolic components, and the generalization for N-ary hyperbolic components.
Both a specific subshrub and a specific chaotic band can be called in different ways because they may come from different hyperbolic components. Therefore new rules are needed to go from a name to another, that is, what we do with the rules for subshrubs and the rules for chaotic bands. Likewise, an important conclusion is reached: both subshrubs and chaotic bands have the same nature. Hence, we need rules to go from subshrubs to chaotic bands and vice versa, that is, what we solved by the introduction of the transformation rule.
Among all the names of a subshrub or of a chaotic band, we show what is the most important and we call it canonical form. This canonical form is associated to the generator of the chaotic band.
